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The problem of nonstationary acceleration of a conducting gas in a channel is solved, together with the 
problem of a discharge in an electric-circuit. As distinct from other papers, in which the typical solution 

assumed a thin cluster subject to acceleration, we examine the case in which the gas flow fills the entire 
channel. The motion of the gas in the channel is examined in one-dimensional formulation, under the 

assumption that the particle transit time in the channel is small compared to the discharge time and that 
the electromagnetic force is large compared to the pressure gradient. 

For  impuls ive  acce le ra t ion  of the conducting gas, use is made of a d i scharge  with a ce r t a in  capaci tance.  
Since the ( t ime-var iab le )  r e s i s t a n c e  of the channel  and, consequent ly ,  the behavior  of the d i s c h a r g e  
depend upon the channel  flow of the conducting gas, the co r r ec t  solut ion of the problem of gas 
acce le ra t ion  in the induced e lec t romagne t i c  field can be obtained only by ana lyz ing  s imul t aneous ly  the 
magnetogasdynamic  channel  flow and the d i scharge  p roces s  in the en t i re  e l ec t r i c  c i rcui t .  On the other 
hand, the acce le ra t ion  of the gas i t se l f  is a funct ion of the ins tan taneous  potent ial  d i f ference  at the 
e lec t rodes .  Hither to,  such s imul taneous  solut ions were  obtained by many inves t iga to rs  under  the assumpt ion ,  
proposed in [1], that a channel  gas flow may  be t rea ted  as the mot ion of a unique na r row c lus te r ,  whose length is 
negl igible  as compared  to the channel  length. Exper imen t s  and theore t ica l  e s t ima tes  show, however,  that in many 
cases  the conducting gas f i l ls  the en t i re  channel  length dur ing  the acce le ra t ion  p rocess ,  so that the a s sumpt ion  o f a  
na r row c lus t e r  is not even approximate ly  fulf i l led [4, 5]. 

1. Let us examine  the nons ta t ionary  acce le ra t ion  of a conducting gas in a channel  of r ec t angu la r  sect ion,  whose 
top and bottom wal ls  a re  e lec t rodes  and whose side wal ls  a re  insu la to rs .  We denote the channel  length by l ,  the 
channel  width by b, and the e lec t rode  gap by h. The voltage is  applied to the e lec t rodes  f rom a capic i tor  bank with a 
total  capaci tance  C and an in i t ia l  charge Q0, v ia  an ex te rna l  c i rcu i t  with a r e s i s t a n c e  R 6. 

We cons ider  our  p rob lem under  the following assumpt ions :  

a) external  magnet ic  f ie lds  a re  absent ,  the gas is  acce le ra ted  by the combined act ion of an e l ec t r i c  f ield and 
magnet ic  se l f - f ie ld  induced by the flowing cu r ren t s .  The gas conductivi ty is cr = const.  Since the ma j o r  por t ion  of the 
c u r r e n t  flows nea r  the e lec t rodes ,  the t i m e - v a r i a t i o n  of the total  c i rcu i t  inductance may be neglected,  i . e . ,  it may  be 
a s sumed  that L = eonst;  

b) the gas is  acce le ra ted  to ve loc i t ies  f rom roughly 5 �9 106 to 107 c m / s e c ,  so that compared  to the 
e lec t romagne t ic  force,  the  p r e s s u r e  gradient  may be neglected [2]~ The in i t ia l  veloci ty of the gas is  smal l  compared  
to the f inal  veloci ty ,  and may  be neglected in the computat ion of the magnet ic  field; 

c) the e lec t rodes  a re  suff ic ient ly  long and wide to jus t i fy  neglect  of end effects (in pa r t i cu l a r ,  to a s s u m e  a zero  
magnet ic  field s t rength  (H = 0) at the channel  outlet). The Hall c u r r e n t s  a re  negligible.  The gas is  supplied un i fo rmly  
ac ros s  the channel  in le t  at a flow ra te  M(t); 

d) the cha rac t e r i s t i c  d i scharge  t ime  t o exceeds by fa r  the pa r t i c l e  t r a n s i t  t ime in the channel.  Natural ly ,  this 
a s sumpt ion  is  not n e a r l y  always fulfilled. In view of this ,  we obtain an e s t ima te  which shows that this  a s sumpt ion  
holds in cases  of i n t e r e s t  in prac t ice .  

Let  L = 60 cm, C = 1500 #F,  l = 15 cm, and the outlet  veloci ty u t = 107 c m / s e c .  Then t o = 27r Lv%'-C--/c ~ 6- 10 -5 sec,  
while the t r a n s i t  t ime is  on the o rde r  of 1 / u  1 = 1 .5 .10  -6 sec. Thus, the ra t io  of the pa r t i c l e  t r a n s i t  t ime  in the channel  
to the c h a r a c t e r i s t i c  d i scharge  t ime is 2 .5 .10  -2 . 
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Under  these  a s sumpt ions ,  the mot ion of the gas in the channel  may  be t r ea t ed  as one -d imens iona l .  F u r t h e r m o r e ,  

f r o m  this e s t i m a t e  it fo l lows that  in the de t e rmina t i on  of the r e l a t i on  be tween the vo l tage  drop V at the e l e c t r o d e s  and 
the total  c u r r e n t  I, the in tantaneous  ve loc i t y  d i s t r ibu t ion  may  be taken as quas i  s ta t ionary .  

The s y s t e m  of equat ions  f r o m  which the r e l a t ionsh ip  between V and I can be d e t e r m i n e d  has the f o r m  [2] ( t ime is  
contained in these  equat ions  as a p a r a m e t e r ,  the x - a x i s  is  d i r ec t ed  along the channel axis ,  the or ig in  of the 
coord ina te s  is  loca ted  at the channel in le t  sect ion):  

d (p u)/dx  = O, p udu /dx  = ]H/c ,  
d H / d x  = - -  4~]/c, ] = ~ (V /h  - -  uH/c) .  ( i . i )  

where  u is the ve loc i ty ,  p is  the gas  densi ty ,  j is the e l e c t r i c  c u r r e n t  densi ty ,  and c is the ve loc i ty  of l ight  in vacuo. 

In the in i t ia l  phase  of motion,  the gas does not extend over  the en t i r e  channel  length l but only over  a c e r t a i n  

length be tween  x = 0 and x = xi, whe re  x 1 is  the t i m e - v a r i a b l e  coord ina te  of the fo rward  front.  Hence,  for  x = xl, the 
boundary  condi t ion H = 0 is fulf i l led.  Af t e r  the fo rward  f ront  has r e ached  the ends of the e l e c t r o d e s  at a ce r t a in  
instant ,  the gas extends  ove r  the en t i r e  channel.  F r o m  this t ime  on, H = 0 may be a s sum ed  fo r  x = l .  

By in t eg ra t ing  the th i rd  equat ion in (1.1) with r e s p e c t  to x f r o m  x = 0 to x = x 1 or  to x = l ,  r e s p e c t i v e l y ,  for  the 
ins tant  at which the gas extends  ove r  the en t i r e  channel  and o v e r  only pa r t  of it,  and in tegra t ing  the f i r s t  and second 
equat ions  in (1.1) f r o m  ze ro  to x, we obtain 

p u  = M / b h ,  I = cbHo/4n,  u = ul (l - -  H*2), (1.2) 
xl 

g 2~hI2 I = b I j d x  (1,3) H *  = Ho , u l  = r ' 
o 

H e r e ,  H 0 is the magne t i c  f ie ld  s t reng th  at the channel inlet  sec t ion  ( f o r  x = 0), and u 1 is e i the r  the ve loc i ty  of 
the fo rward  f ront  of the gas be fo re  it has r e ached  the ends of the e l e c t r o d e s ,  or  the ve loc i ty  at the end of the channel 
if the gas  has extended o v e r  the en t i r e  channel  at the instant  under  cons idera t ion .  

By substituting (1.2) into the last equation in (i.i), allowing for (1.3), and integrating from zero to x I or to l, 
respectively, we obtain 

1 
l xi zlbV %2 ~ 8n2h~P 

RI*Xl*  = Z ~ (H*saHH *) -~ i '  Xl* = - / - ,  R I *  = - - ~ - ,  cab2M----" ~ 
o 

(i.4) 

Equat ion (1.4) y ie lds  the d e s i r e d  r e l a t i onsh ip  be tween the potent ia l  d i f f e rence  V at the e l e c t r o d e s  and the total  
c u r r e n t  I. It should be combined  with the d i s c h a r g e  equat ions for  the en t i r e  c i r cu i t ,  which can be wr i t ten  in the 
fol lowing f o r m  [3]: 

dQ/dt = I ,  (L / c 2) d I  / dt  -]- Bo I + V -{- Q / C = 0 .  (i.5) 

In addit ion,  fo r  the in i t ia l  phase  of motion,  it is  n e c e s s a r y  to include the equation of the fo rward  f ront  of the gas 

dxi  / dt = ui.  (1.6) 

Equat ions  (1.4)-(1.6)  const i tu te  a s y s t e m  of four  equat ions  for  d e t e r m i n i n g  the v a r i a b l e s  Q, V, I, and x 1. The 
in i t ia l  condi t ions fo r  this s y s t e m  a re  

Q = Qo, v =  o, I = o, x l = x i o  fo r  t = o .  (1.7) 

Since r e l a t i on  (1.4) does  not lend i t se l f  to solut ion with r e s p e c t  to the quant i t ies  r e q u i r e d ,  s y s t e m  (1.4)-(1.6) 
mus t  be t r a n s f o r m e d  in o r d e r  to d e t e r m i n e  the unknowns. 

To this  end, we in t roduce  the unknown funct ions Rl* and X. F r o m  f o r m u l a s  (1.4), we have 

IS = ( c4b / 8~2ath) M R I * ~  ~, V~ = ( c4h / 8 ~ 3 t 3 b )  MRI*~% 2 �9 (1.8) 

F r o m  he re ,  d I /d t  can be e x p r e s s e d  in t e r m s  of the t i m e - d e r i v a t i v e s  M, Ri* , and X. It should be noted that 
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1 
dRl* dXl* 2 dZ "R *x * 2e t I dH* 

Xl* ~ " - ' ~ - - / ~ 1 *  dt X - ~ t  1 1 - - ~ ) ,  ~ = - ~  [X2(H,a__H, )+ t ]  ~ (1.9) 
o 

By subst i tu t ing  (1.3), (1.8), 

(l X xi*XRi* drn ZRi* dxi* ~i*ZRi* (Ro* ~- RI*) 2~2xl*q V-R-~I* 
dv - -  4m~ dT ~- 4~ d'~ 2~p ct~ ]fro ' 

dq/dT=aZVrR---~-'m, dxl*/dv =TX2fCl *, (1.10) 

q=q/Qo, m=MIMo, ~=t/to, to=2~VL-CLc, 
( c~bMoLC ~'h __ 2gch ( C ~'h c Ill'C" z) ~bl. 

0 ; =  \ 2zlhQo ~ ) , ~ - -  ~ k'L') ' 'Y 2~l~ ' R~  = J t ~  

where  M 0 is  the c h a r a c t e r i s t i c  value of the flow r a t e  M. The boundary  condit ions (1.7) take the fo rm 

q = i ,  z = 0 ,  xl*=xl0* f o r v - - 0 .  (1.11) 

and (1.9) into (1.5) and (1.6) and in t roducing d i me ns i on l e s s  va r i ab l e s ,  we get 

System (1.4), (1.1O) with the boundary  condit ions (1.11) lends i t se l f  r ead i ly  to n u m e r i c a l  in tegrat ion.  

2. In the special  case in which the gas extends over the en t i re  channel ,  while the t ime  dependence of the flow 
ra te  roughly co r responds  to an e ros iona l  supply of the working fluid, the solut ion of equat ions (1.4), (1.5) can be 
expressed  in t e r m s  of e l e m e n t a r y  functions.  In fact,  M may be cons idered  propor t iona l  to the total c u r r e n t  12 or to 
the total  power supplied to the gas,  i. e . ,  to VI, a s s u m i n g  that a definite por t ion of the total power is  consumed for  
evaporat ion.  If e ros ion  takes place only at the channel  inlet ,  the consumption is  p ropor t iona l  to Joule heat  r e l e a s e  at 
the channel  in le t  sect ion,  i. e . ,  to j02. However,  s ince J0 ~ V (the gas veloci ty  is smal l  at the inle t  sect ion,  uH << V/h), 
in this case ,  we have M ~ V 2. In al l  these cases  (M = kI 2, M = kIV, M = kV~), the value of X depends,  to some degree ,  
so le ly  on the ra t io  V/I.  In this  case,  however,  it  follows f rom fo rmula  (1.4) that for xl*--- 1, we have V/I  = const. 
Hence, V = RII , where  R 1 is  the constant  r e s i s t a n c e  of the channel.  By subs t i tu t ing  this  express ion  into (1.5) and 
wr i t ing  the equat ions in d i m e n s i o n l e s s  fo rm,  we obtain 

dq / d'~ = i, di / dT -~ ~(R0* ~- Rl*)i ~- 4g~q ~ 0 ,  (2.1) 

where  

i = (2 n]/L-C/c Qo) I .  

Since sys t em (2.1) has constant  coeff ic ients ,  i ts  solution is  expressed  by wel l -known damped osc i l la t ion  curves .  

\ 

\ 

02 ~q 

Fig. 1 

\ 

\ 

O6 

3. F i g u r e s  1 and 2 show examples  of computat ions  f rom fo rmulas  (1.4), (1.10) for ce r t a in  p a r a m e t e r  values .  
Calcula t ions  were  c a r r i e d  out for  the case  in which the conduct ing gas in i t ia l ly  f i l l s  out the en t i re  channel  and the gas 
flow ra te  is constant  in  t ime.  The va lues  of the p a r a m e t e r s  were  taken as: l = 15 cm, b = 5 cm, h = 3 cm, L = 60 cm, 
(~ = 5.1012 sec - i ,  R 0 = 5 �9 10 -4 ohm, C = 1500 pF. A constant  gas flow ra te  was selected on the bas i s  of the condit ion 
that a 0.001-g mass  is acce le ra ted  dur ing  the t ime  t o = 60 psec (the channel  d imens ions  and other  p a r a m e t e r s  a r e  taken 
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f r o m  convent ional  e x p e r i m e n t a l  condit ions).  

Q~ 

0 02J 0J0 

Fig.  2 

.... ! 

Computations are performed for various values of parameter ~, which correspond to various values of Qo(i. e. , 

to various capacitor bank voltages). Figure 1 shows the dimensionless gas velocity ul* = (41r crl/c2)ul at the channel 

outlet section as a function of dimensionless time T. From Fig. 1 it can be seen that, in agreement with general 

physical considerations, the gas velocity at the outlet is nonuniform when M = const. Rapidly increasing, it reaches a 

maximum at peak total current, and then declines again~ In Fig. 2, the total kinetic energy of the gas is plotted 

against time for the same values of the parameters. The quantity 

t 

/~ Mul 2 ~ 2C 

o 

is  plot ted on the ord ina te  axis .  

~.zo 5 I 
�9 2.5 

Fig. 3. 

Of major interest is a comparison between the value of ~ obtained under the assumption that the gas extends 

over the entire channel and that a thin plasma cluster is accelerated [1]. In the latter case, we assume in the 

calculations that the cluster is accelerated in a channel of the same dimensions as in the case of continuous gas 

supply and the same capacitor bank and circuit inductance. The ratio dL/dx is assumed to be equal to the mean value 

of the inductance along the channel axis (for the channel dimensions considered, the mean value of dL/dx ~ 4. 5), and 

the mass of the cluster to be equal to the total gas mass supplied (continuously) over the time t o (i. e. , 0.001 g). The 

results of the calculations are shown in Fig. 3. The quantity ~ is plotted on the ordinate axis and the parameter ~, 

which is inversely proportional to the initial voltage at the capacitor bank is plotted on the abscissa axis. The dashed 

curve represents data obtained under the assumptions employed in [i], while the solid curve represents data calculated 

in the present paper for the same parameter values as the curves in Fig. 2 and for T = I. From Fig. 3, it can be seen 

that the results of calculations performed under various assumptions (continuous acceleration of the gas extended 

over the entire channel, and acceleration of a gas cluster) differ not only in the quantitative but also in the qualitative 

aspects of the relations 7)(~). In the case in which the gas fills the entire channel, the value of ~ is proportional to the 

initial voltage at the capacitor bank (inversely proportional to ~). On the other hand, when only a gas cluster is 

accelerated, ~ has a maximum at a certain value of ~, since for a high initial voltage at the capacitor bank, the 

cluster is rapidly accelerated to a high velocity and is expelled from the channel during the initial phase of the 

discharge, the larger portion of the energy stored in the capacitors not being utilized. 

From the data in Fig. 3 it follows that when the gas fills the entire channel, the formulas derived for the 

acceleration of a narrow gas cluster are not applicable for calculating the flow parameters (in particular 7), as has 

been done in several papers. The influence of the characteristics of a channel flow of a conducting gas on the discharge 

process is shown in Fig. 4~ In this figure the dimensionless time ~- is plotted on the ordinate axis, and the 

dimensionless current i in the circuit is plotted with inverse sign on the abscissa axis. The calculations are 

performed for a channel withl= 15 cm, h= 3 cm, b= 5 cm, acapacitor bank with C = 1500#F, Q0 =2.46 coul, an 

external circuit resistance R 0 = 5 �9 10 -4 ohm, L = 60 cm, and ~ = 5 �9 1012 sec -I. The solid curve in Fig. 4 shows the 
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discharge current as a function of time for a constant mass flow rate (M = const), and the dashed line for M = kl 2~, for 

k ~ 10 -27 sec3/cm 3. A mass of 0~ g is accelerated during a time t o = 27rv~L-C-/c ~ 60 psec in both cases. 

-i ] L 

0.8 \\\ ~ I 

f 
Fig. 4 

F r o m  Fig. 4, it can be seen that the condit ions of working fluid supply have a subs tan t ia l  inf luence on the 
d i scharge  behavior .  At a constant  gas flow ra te ,  the veloci ty  for r c lose to zero  and T close  to uni ty is  apprec iab ly  
s m a l l e r  (see Fig. 1) than at peak cu r ren t ,  s ince  a s m a l l e r  force  acts  on the same mass .  This is  the r e a s o n  why the 
back emf (the quant i ty  uH/c) is also apprec iab ly  s m a l l e r ,  while at the same  t ime the c u r r e n t  is l a r g e r  than in the 
case of gas supply accord ing  to the law M = kI 2, where  the cha rac t e r i s t i c  value of the veloci ty  in the channel  is 
constant  dur ing  the en t i re  dura t ion  of the d ischarge .  

QB 

\ 
%- 

/ 
Fig. 5 

When the gas does not extend over  the en t i r e  channel  length, the in i t ia l  per iod  has a ce r t a in  inf luence  on the 
fo rma t ion  of the d i scharge  p rocess .  F igu re  5 shows the behavior  of the c u r r e n t  with t ime  for the tes t  p a r a m e t e r s  
p rev ious ly  employed,  for M = kI 2, but for  a channel  with l = 30 cm, and Q0 = 4.5 coul. The solid curve  is plotted 
without al lowance for  the in i t ia l  period,  i . e . ,  under  the assumpt ion  that the conducting gas immed ia t e ly  expands over 
the en t i re  channel.  The dashed curve is plotted with al lowance for  a gradual  expansion of the gas over the en t i re  
channel  length. F r o m  Fig. 5, it can be seen that a not iceable  d i f ference  in the c u r r e n t  can be observed only dur ing  the 
in i t i a l  period,  l a s t ing  sl ightly longer  than the t ime  r equ i r ed  to fill  the channel  with gas (in the case under  cons idera t ion ,  
the forward  f ront  of the gas needs ~- = 0.1 to reach  the end of the  channel).  The prox imi ty  of the curves  in Fig.  5 
conf i rms  the a s sumpt ion  that, in the ca lcula t ions  the channel  flow may be t rea ted  as quasi  s ta t ionary ,  provided the 
pa r t i c l e  t r an s i t  t ime in the channel  is much s m a l l e r  than the cha rac t e r i s t i c  d i scharge  t ime.  
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